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Statistical particle simulations, such as the direct simulation Monte Carlo (DSMC) method, are appropriate
for computationally modeling highly rarefied hypersonic flows about vehicles during atmospheric entry. Models
of molecular interaction kinetics must account for the exchanges of energy occurring among the thermal energy
modes during translational, rotational, and vibrational relaxation as well as dissociation, recombination, and
atomic-exchange reactions in air. As presented here, models employed in a particle simulation for reaction
mechanics are constrained by considerations of detailed balance at equilibrium and conservation of linear
momentum and energy. Equipartition of internal energy between rotational and vibrational modes promotes
equilibrium and is compatible with the quantized nature of the simple harmonic oscillator. Postreaction energies
may be proportionally partitioned among the thermal energy modes contributing to reaction, followed by thermal
relaxation steps to promote detailed balance at equilibrium. Reaction selection rules, as functions of reactive
collision energy, are structured to yield Arrhenius reaction-rate temperature dependence at equilibrium. The
models described here are verified through simulation of superheated adiabatic reservoirs relaxing thermo-
chemically to equilibrium.

Introduction

P OTENTIAL development of vehicles such as the Na-
tional Aerospace Plane (NASP) and the Aero-assisted

Flight Experiment (AFE) has renewed interest in modeling
hypersonic rarefied flow. Such flows may be characterized by
nonequilibrium between molecular energy modes and be-
tween the concentrations among different species in the rare-
fied gas. Temperatures exceeding 20,000 K are possible be-
hind the leading shock of a blunt vehicle entering the atmosphere
with near-orbital velocity. Such conditions excite the energy
modes of diatomic molecules in air, leading to dissociation.
Exchange reactions and recombination of free atoms will oc-
cur near cold catalytic surfaces and during expansion of the
gas around body shoulders. The finite rates of thermal exci-
tation and reaction processes significantly alter the character
of the flowfield, affecting the temperatures, densities, and
heat-transfer experienced by the vehicle. lonization and ra-
diation may also be significant in this flowfield but are not
addressed in this work.

The degree of rarefaction of these flows, at altitudes above
80 km, is characterized by Kriudsen numbers exceeding 0.01.
The low-density nature of these flows is such that the familiar
Navier-Stokes equations are not applicable primarily due to
failure of the linear constituitive relations. By contrast, par-
ticle simulation methods are based on discrete molecular models
and provide potentially powerful alternatives for simulating
these flows. Considerable experience has been gained in the
development1 and application2 of the direct simulation Monte
Carlo (DSMC) method pioneered by Bird. The underlying
algorithms employed in the method have been reformulated
specifically for the vector- and parallel-processing architec-
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tures of modern supercomputers.3'7 Note that comprehensive
modeling of chemical kinetic processes in a gas involves so-
lution of the Schrodinger equation, and is therefore ill-suited
for large-scale simulations. However, meaningful simulations
are obtained with phenomenological models, applied at the
microscopic particle level, which yield the correct macroscopic
thermochemical behavior.

This paper presents the fundamentals of modeling chemi-
cally reacting flows in a particle simulation with particular
emphasis on reaction mechanics; a topic that has received
minimal attention in the literature. The types of particles used
in the simulation and their properties are presented along
with a review of reaction fundamentals. Reaction selection
rules, employed in the simulation, are based on reaction prob-
abilities as functions of molecular collision energy arid lead
to Arrhenius temperature-dependence of the macroscopic re-
action rates. Algorithms used in modeling thermal collisions
are then described. Exchanges of energy involving the quan-
tized vibrational mode are modeled in a manner employing
eqiiipartition, and do not require sarhpling from variable en-
ergy distributions. A convenient model, proportional energy -
partitioning, is proposed for modeling reaction mechanics,
with details of how postreaction energy is partitioned among
the thermal energy modes of the products. The thermochem-
ical models are then applied to a reservoir of superheated
molecules relaxing thermally and chemically to equilibrium
in order to demonstrate their ability to simulate reactive flows.

Reaction Fundamentals
Atmospheric air, under the hypersonic conditions de-

scribed, can be modeled approximately by the following five-
species set: O2,7V2, NO, O, and N. A more complete model
would include ions such as NO+. Associated with each particle
in the flow is its position x = (x, y, z); its velocity a = (w,
v, w); its species type; and the energy of its internal modes,
erot and evib if it is diatomic. Each species is identified by its
mass, relative diameter, and characteristic temperatures of
vibration and dissociation.

A given reaction may occur only if the total energy accu-
mulated by the colliding particles, as identified below, exceeds
an activation threshold Ea. Dissociation reactions proceed as
indicated by the general equation

AB + X-+A + B + X (1)
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where AB is diatomic, A and B are monatomic, and X is a
partner of any type. The corresponding activation threshold
is given by the dissociation bond energy; that is, Ea = DAB.
This also represents the reaction energy, AErxn = DAB, which
is removed from the energy modes contributing to the reaction
and is stored in the electron configuration of the products.

Exchange reactions are typically of the form

AB + C-+AC + B (2)

where B and C are monatomic. Collisions must have energy
exceeding some threshold Ea to initiate the reaction. The
reaction energy, which is removed from the thermal energy
modes of the reactants and stored as potential energy in the
products, is given by the difference in dissociation bond ener-
gies of the molecules involved in Eq. (2); that is, A£rxn =
DAB ~ VAC-

Recombination, the reverse of dissociation, is a three-body
process. Benson and Fueno8 suggest that recombination should
be modeled as a succession of binary collisions. In the first
step, given by

A + B -* (AB) (3)

two atoms collide and possibly form a mutually orbiting pair,
denoted in parentheses as (AB). The pair remains intact for
some limited lifetime depending upon the collision energy.
If, during that lifetime, the orbiting pair experiences a colli-
sion with a particle of species X such that X is able to absorb
some of the exothermic reaction energy, then (AB) may sta-
bilize into molecule AB, completing the second step of re-
combination given by

(AB) + X-^AB + X (4)

The activation threshold for recombination is simply Ea = 0.
Upon stabilization, the reaction energy AErxn =• DAB is re-
moved from the electron configuration of the reactants and
repartitioned arnong the thermal energy modes of the prod-
ucts. If no stabilizing collision occurs, the orbital pair splits
into free atoms, representing a monatomic thermal collision.
Such a two-step method has been adapted for this simulation
as described below.

Fundamentals of a Particle Simulation
The basic steps in a particle simulation are the collisionless

motion of particles, followed by the pairing and testing of
neighboring particles for possible collision. The collision se-
lection rule employed in the present work is taken from Ba-
ganoff and McDonald,3 and is based on the power-law inter-
molecular potential. Each class of interaction, involving species
a and 6, has associated with it a unique power-law exponent
aab as used in the collision probability of the form

— ffl-4/otabQl
5 (5)

where g is the relative speed of collision. The power-law ex-
ponent typically ranges from the Maxwell-molecule limit aab
= 4 to the hard-sphere limit aab = <».

Neighboring particles in the flow are paired off as potential
collision candidates. For each candidate pair, a uniform ran-
dom number 91 is generated and compared to the collision
probability Pc applicable to that pair as computed from Eq.
(5). Candidate pairs are accepted as collision partners when-
ever 9t < Pc. All pairs that collide are then tested for possible
reaction. Reactive collisions are processed according to the
reaction mechanics models appropriate for the given reaction-
type. Collisions that do not react are processed according to
thermal collision mechanics, which may include an exchange
of energy among the relative translational, rotational, and
vibrational modes.

Contribution of Energy Modes to Reaction
As noted above, only collisions with total energy exceeding

the activation threshold Ea are capable of dissociating mol-
ecule AB in the reaction of Eq. (1). That total collision energy
ec = 2em, is the sum of energy from all contributing modes
m and is distributed at equilibrium temperature T with £c
nonintegral degrees of freedom10 in a Boltzmann distribution
given by

7^ exP - e c ,~
If (6)

where k is Boltzmann's constant.
There has been considerable debate, however, regarding

the role of internal energy modes in dissociation.11 It is unclear
which of the energy modes, present in a given collision, con-
tribute to ec, leading to confusion over the appropriate value
of £... Various theories on chemical kinetics suggest that re-
actions occur as a result of intimate interactions among the
internal energy modes of the reactants. Sharrha, Huo, and
Park12 suggest that dissociation is the result of vibration-
vibration energy exchange between molecules. Here, AB ac-
quires vibrational energy from partner X until it reaches its
reaction threshold and dissociates. Hansen13 suggests that the
rotational modes contribute to vibrational excitation and pos-
sible dissociation. Such arguments imply that all modes con-
tribute, in some way, to ec. As a practical matter, because
only those collisions that satisfy the condition ec > D are
dissociation candidates, it is advantageous in the simulation
to include all available energy modes in the ec sum to provide
a greater number of sufficiently energetic collisions from which
to select reactive collisions.

This debate concerning internal energy mode contribution
to reaction may be partly resolved in a self-consistent manner
by consideration of detailed balance.14 More involved reaction
models, fully coupling internal modes to dissociation, have
been studied extensively12'15"17 but have yet to appear in large-
scale particle simulations.

By including all available energy modes in the collision
energy

the number of degrees of freedom for /* (ec) is simply the
sum of the number of degrees of freedom from each of these
statistically independent modes

= 4- + £„«„« + fin,; (8)

In Eq. (8) the (4 — 4/aAB x) term accounts for the relative
translational energy biased9-14 by the collision selection rule
of Eq. (5). For diatomic species with rotational and vibrational
internal energies, the corresponding number of internal de-
grees of freedom is given by

= 2 (9)

where the vibrational mode at equilibrium has associated with
it fvib degrees of freedom, defined for the simple harmonic
oscillator by18

20JT
-QvIT 1
? — 1

(10)

Reaction Selection Rules
Chemistry modeling involves determining which collisions

react (reaction selection) and then performing the corre-
sponding reactions (reaction mechanics). Only a brief review
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of reaction selection is provided here because the focus of the
present work addresses the mechanics of thermal and reactive
collisions.

Dissociation Selection
The probability Pd that a given collision between particles

AB and X results in dissociation of AB as in Eq. (1) is com-
puted as a function of the energies contributing to the colli-
sion. A uniformly generated random number 91 is compared
to that probability such that dissociation is accepted if 9t <
P*-

The expression for Pd must be determined such that the
resultant forward reaction rates at equilibrium match those
correlated from experiment. The rate equation defines the
forward rate coefficient kf and relates it to the dissociation
probability as follows:

= -nABnxkf = -ZABtX (11)

where n represents number density and ZAB>x is the bimo-
lecular collision rate between particles of species AB and X.
Possible forms of Pd have been suggested13 based upon the
physics of the chemical interaction kinetics. A phenomeno-
logical format adapted from Bird19

Pd ~ (ec - £.)*- ( E\U"
('-*) (12)

is structured specifically to ensure that the simulated disso-
ciation rate, due to application of Eq. (12), matches the tem-
perature dependence dictated by the Arrhenius expression20

for the rate coefficient, given by

(13)

where constants af, bf, and Ea are correlated from experiment.
As defined by Eqs. (8-10), £c is a very weak function of
temperature for the range of interest in hypersonic flow. We,
therefore, fix £. at some reference temperature Tref for use in
Eq. (12). Any intermediate translational temperature, taken
from that portion of the flowfield dominated by reactions, is
appropriate for Tref because the effect of this simplification is
minor and is confined to the reaction selection process. Atomic
exchange reactions are also selected via Eq. (12).

Recombination Selection
As noted earlier, recombination is modeled by a two-step

process. In the present work, all collisions between atoms
result in the formation of orbital pairs as given by Eq. (3).
Even for a highly dissociated flowfield, the concentration of
(AB) remains very low. However, employing limited lifetimes
to each orbital pair leads to computational complexity and
inefficiency. Alternatively, in the current implementation all
(AB) that collide with partners of species X during the next
time step are tested for stabilization by the recombination
probability function

P1 r (14)

where </> and 17 are unique positive constants per reaction,
and eint(/4B) and eintA, are the internal energies of the orbital pair
(AB) and partner AT, respectively. For monatomic X, eintA, is
excluded from Eq. (14). Those collisions selected for stabi-
lization (by comparison of a random number 91 to Pr) will
complete the recombination process of Eq. (4).

The equilibrium concentration coefficient K is defined for
reaction (1) by

K = (15)

The form of Pr in Eq. (14) was chosen because it leads to the
same temperature dependence of K as dictated by the Ar-
rhenius form

K(T) = exp -
kT

(16)

where constants ae, be, and DAB are correlated from experi-
ment. The parameters in Pn as well as the unknown inter-
action potential for collisions involving orbital pairs, a(AB^x
may be found in a manner similar to that employed for dis-
sociation. However, a complete derivation involves consid-
eration of detailed balance among the energy modes contrib-
uting to the reaction.14

Mechanics of Thermal Collisions
Modeling of thermal collision mechanics in the context of

a particle simulation is discussed in detail by McDonald9 and
is reviewed briefly here. A collision between particles a and
b has associated with it a center of mass velocity G and relative
translational velocity g = ua — ub. The relative translational
energy erel is then defined by

ere, = (17)

where \i,ab = mambl(ma + mb) is the reduced mass of the
pair. Neglecting the electronic modes, the energies available
in a given collision include €rel and the rotational and vibra-
tional internal energies of a and b.

Mechanics of Elastic Collisions
After an elastic collision, the particles separate with relative

translational velocity g', which is simply a random reorien-
tation of the collision approach velocity g. This represents
spherically uniform scattering of postcollision velocities adapted
from the Variable Hard-Sphere (VHS) model of Bird.21 There
is no alteration of the internal modes of either particle. Note
the use of superscript ' to denote postcollision quantities.

Mechanics of Rotational Relaxation
Some collisions may lead to an exchange of energy between

the translational mode and one or both of the internal energy
modes, promoting relaxation of the gas toward thermal equi-
librium. Those collisions relaxing the rotational mode are
generally more frequent than those relaxing the vibrational
mode.

Rotationally relaxing thermal collisions involve repartition-
ing of the combined energy erei 4- €rot among the relative
translational and rotational modes of the collision. The method
of Borgnakke and Larsen22 is employed here by sampling the
fraction

F = (18)

directly from its equilibrium distribution/*(F). Because f*(F)
is dependent only upon the intermolecular potential param-
eter aatb, it is unique for each pair of species a + b and is
invariant with temperature when assuming that the transla-
tional and rotational energy distributions are continuous.9 The
postcollision energies are then given by

€rel = (€r

€rot)F

€rot) ~~ €rot

(19)

If both particles in the collision are diatomic, then €rot is
randomly divided between their respective rotational modes
to promote equilibrium. A probability Prot is used to select
which collisions promote rotational relaxation.
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Mechanics of Vibrational Relaxation
Collisions that promote vibrational relaxation, selected with

probability Pvib, are not well suited to the Borgnakke-Larsen
model employed in rotational relaxation. Attempts to do so
are afforded by approximating the discrete distribution of
vibrational energy at equilibrium by a continuous Boltzmann
distribution with fvib degrees of freedom. Unfortunately, fvib
varies with temperature as does the resulting distribution f*(F).
As such, a new distribution must be sampled for each colliding
pair depending upon some local temperature that is ill-defined
for a flow in thermal nonequilibrium. Alternatively, Mc-
Donald9 models vibrational relaxation in a manner that avoids
direct sampling from equilibrium distributions such as/*(F).
That model will be adapted here to facilitate its use in reaction
mechanics, and is based on the following efficient iteration
scheme. First, energy is exchanged between rotation and vi-
bration, followed by an exchange between rotation and trans-
lation via rotational-relaxation as outlined above. These steps
may then be repeated, iterating toward equilibrium.

Note that consideration must be made of the quantum na-
ture of the vibrational mode. For the simple harmonic oscil-
lator, we define vibrational energy, measured relative to the
ground state, \kQv, by

€Vib = qvib(kOv) (20)

where qvib represents the number of quanta associated with
a given vibrator, and kOv represents the characteristic vibra-
tional energy per quantum level.

To model the random mixing of rotational and vibrational
energies of a given particle in a manner that promotes equi-
librium, we take advantage of equipartition, the fundamental
physical assumption of statistical mechanics.18 This postulates
that all possible divisions of internal energy

€ = € + € -u (21}cmt crot ~ cvib V^1/

among the internal modes, e;ot and eiib, are equally probable.
First, eint is quantized by the characteristic vibrational en-

ergy kBv resulting in Q + 1 quantum levels: 0, 1, . . ., Q.
The limit Q is found from

(22)c = IT
where the brackets [ ] denote truncation.

Upon division, the outcome quantum level for vibration
q^ib must be equally likely among these Q + 1 quantum levels.
This is achieved by simply generating a floating-point random
number in the range [0, Q + 1), and truncating to the nearest
level, as given by

1)] (23)

where $1 is a uniformly generated random number in the range
[0, 1). From Eq. (23), the postcollision internal energies of
the particle are given by

(24)

(25)~~ €vi

As proven in the Appendix to this article, applying this
method of energy partition among the internal modes of a
diatomic molecule will satisfy detailed balance between the
vibrational and rotational modes at equilibrium. When out of
equilibrium, however, this exchange must be augmented by
rotational-relaxation steps in Eqs. (18) and (19) to relax fully
the rotational mode.

Mechanics of Reactive Collisions
Once reactive collisions have been identified from the re-

action selection rules of Eqs. (12) and (14), the mechanics of
those reactions must be performed. All reactions of interest
in hypersonics involve some alteration of the energy modes
contributing to the reaction. The objective here is to deter-
mine how to account for reaction energy AErxn by altering
each of the thermal energy modes involved in the reaction
just prior to splitting or joining particles into products. The
chemical-kinetic details are not well understood regarding
energy partition among the energy modes of particles during
reaction. However, the modeling of reaction mechanics must
adhere to certain fundamental constraints, including detailed
balance at equilibrium and conservation of momentum and
energy.

Proportional Energy-Partitioning Model
Recall the energies of Eq. (7) contributing to the dissocia-

tive collision of Eq. (1). During reaction, the dissociation
energy must be removed from the collision energy

= ec - AErxn (26)

(27)

(28)

Note the use of superscript" to denote postreaction quantities.
Though it is unclear how to redistribute the energies of Eq.

(27) among those of Eq. (28), a convenient means to account
for the alteration of each energy mode m is to remove pro-
portionally the reaction energy AErxn from each mode, re-
sulting in postdissociation energies e^ given by

(29)

This method is simple to implement and can be applied to
exchange reactions and recombination as well. Note, how-
ever, that in exothermic reactions, AErxn will be proportion-
ally added to each contributing energy mode rather than re-
moved.

At equilibrium, detailed balance dictates that there exists
no net energy transfer among energy modes of all species in
the gas. As a consequence, the reaction models must promote,
or relax to, equilibrium for a gas in thermochemical none-
quilibrium. If a relaxing ensemble of particles reaches steady
state, yet exhibits nonequilibrium behavior such as a differ-
ence in mode temperatures, then the reaction model is in
error.

Similar to the method of Borgnakke and Larsen employed
in rotational relaxation above, partitioning postreaction ener-
gies among the energy modes by sampling directly from equi-
librium distributions would promote relaxation toward equi-
librium for reactive collisions. Doing so, however, requires
that these distributions be available at all temperatures and
for all possible reactions. This leads to difficulties similar to
those encountered in modeling vibrational relaxation. Alter-
natively, the proportional energy-partitioning model above
avoids this difficulty because it requires no access to equilib-
rium distributions, but falters in that it will not readily pro-
mote equilibrium for a flow initially in thermal nonequilib-
rium. This is remedied by adding the thermal relaxation steps
of Eqs. (18-25) to this algorithm for reaction mechanics.

Mechanics of Dissociation
Simulation of dissociation reaction (1) may be divided into

two steps. First, the dissociation energy is removed from the
reactants, creating temporary products, as described by

AB + " + X" (30)
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The products AB" and X" separate with relative translational
energy €"elABX modified according to the proportional energy-
exchange model of Eq. (29). As mentioned earlier, decom-
posing a relative energy into postcollision velocities involves
random reorientation of the postreaction relative velocity vec-
tor g"ABtX as found from €."clABX and Eq. (17).

If X is diatomic, the postdissociation states of its internal
energies are not found individually by application of Eq. (29),
because consideration must be made of the quantum nature
of the vibrational mode. Rather, the internal energy as a
whole is depleted according to Eq. (29)

(31)

and is then redistributed between t"otx and e"ibA, according to
the steps employed for vibrational relaxation in Eqs. (22-25).
If X is monatomic, einw will remain zero.

Now that AB" and X" have separated, the second step in
the dissociation reaction involves splitting AB" into free at-
oms, given by

AB" (32)

To conserve linear momentum and energy, all of the post-
dissociation internal energy of AB" must be converted into
relative translational energy for the separation of A and B

~~ V€rotAB + €vib/4B/ (33)

The mechanics for exchange reactions from Eq. (2) are iden-
tical to those for dissociation.

Mechanics of Orbital Pair Formation
Orbital pair formation is the first step in recombination

modeling as given by Eq. (3), where two atoms A and B join
to form a single temporary orbital pair (AB). Conservation
of linear momentum dictates that the velocity of (AB) must
be the same as the center of mass velocity of the A + B
collision GA,B. Conservation of energy requires that the rel-
ative translational energy €reU B must be stored internally in
(AB):

-int(AB) = €•reU.0 (34)

If (AB) remains uncollided on the next time step, it is split
into free atoms A and B. Doing so simply requires that
€intMB) be converted back into

Mechanics of Orbital Pair Stabilization
Orbital pair stabilization, given by Eq. (4), represents the

second step that completes the recombination reaction. The
reaction energy AErxn = DAB must be absorbed by the thermal
energy modes of the products, such that the postreaction col-
lision energy is given by

€c = *-re\(AB).X

-4-̂ (35)

intAB

According to the proportional energy-partitioning concept,
the relative translational energy of separation of stabilized
molecule AB and collision partner X is found by adapting
Eq. (29)

*-re\AB.X (36)

The internal energies of X, if applicable, are found in the
same way as in dissociation from Eq. (31), with the exception
that reaction energy is added rather than removed.

Likewise, the internal energy of AB, given by

(37)

is distributed among its rotational and vibrational modes ac-
cording to the method employed for vibrational relaxation in
Eqs. (22-25). However, as stated earlier and as proven in
the appendix, these steps must be augmented by rotational
relaxation to promote equilibrium distributions for a gas ini-
tially out of equilibrium.

Reservoir Simulation and Results
A single-species, adiabatic reservoir of molecules, super-

heated in translation and rotation to temperature T0, will relax
to thermochemical equilibrium through reactions and energy-
mode exchanges. The final temperature T* and composition
can be determined analytically.23 The relaxation history of
this reservoir is similar to that behind a normal shock wave.
The reservoir is simulated during thermal relaxation both with
and without chemical relaxation.

In the external flows typically associated with hypersonic
re-entry vehicles, dissociation and exchange reactions domi-
nate the flowfield chemistry. However, the objective here is
to test the simulation in an environment in which all types of
chemical reactions (dissociation, exchange, and recombina-
tion) are pronounced, such as would occur at equilibrium if
the temperature and diatomic concentrations remained high.
Consequently, to simulate thermochemical relaxation to equi-
librium, a model species A2 is used which is similar to O2
except that ae is altered, effectively increasing the recombi-
nation rate, allowing greater concentration of diatomic par-
ticles at high equilibrium temperature where reactions are
significant. Such a gas represents a "worst-case scenario" in
which recombination has pronounced effects to better dem-
onstrate the capability of the reaction models. Table 1 lists
the properties associated with this model gas. The reactions
pertaining to A2 are

A? + A? ^± A + A + A, (38)

(39)

Thermal Relaxation Results
Thermally relaxing collisions, as modeled in Eqs. (18-25),

will excite the vibrational mode of molecules in the reservoir
leading to an increase in the vibrational temperature accom-
panied by a decrease in the translational and rotational tem-
peratures. The temperature for each energy mode is plotted
in Fig. 1 during simulated thermal relaxation from T0 = 24,452
K to steady state. The rates of internal mode relaxation were
controlled by invariant probabilities Prot = 0.20 and Pvib =
0.02, adapted from Bird.23 Energy-dependent forms of these
probabilities, suggested by Boyd24-25 and Haas,14 would better
model thermal relaxation in the transient portion of the flow,
but are of little benefit here in studying equilibrium behavior.

Table 1 Properties2-18'20 of model gas A2 and A

Characteristic vibrational temp.
Dissociation threshold

0y = 2270 K
Dlk = 59,400 K

Forward rate coefficient, m3/(molecule - s)
A2 + A2:
A2 + A:

kf = 4.58 x
kf = 1.37 x

Concentration coefficient, mole/cm3

________K = 0.40 T-°'*e-D/kT
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1 10

Timesteps
Fig. 1 Temperature per mode in thermal relaxation to steady-state
of a simulated reservoir with and without chemical reactions. The
diatomic gas, for which 6V = 2270 K, is initialized with no vibrational
energy and Ttnns = Trot = 24,452 K.
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Fig. 2 Steady-state temperature per energy mode compared to the
analytic equilibrium temperature T* in simulated thermal relaxation
and thermochemical relaxation of a gas reservoir.
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Fig. 3 Forward reaction rate kf at steady-state vs equilibrium tem-
perature compared with Arrhenius fit in A2 relaxation simulations.
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Fig. 4 Degree of dissociation Arf at steady-state vs equilibrium tem-
perature compared with Arrhenius fit in A2 relaxation simulations.
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Fig. 5 Discrete and continuous energy distributions in a diatomic
reservoir at steady-state after thermal relaxation via mixing algorithm
from Eqs. (22-25), with and without rotational relaxation steps. The
reservoir was initialized with no discrete vibrational energy and uni-
formly distributed continuous rotational energy.

Thermochemical Relaxation Results
Also plotted in Fig. 1 is the thermochemical relaxation of

A2 to steady state. The mode temperatures corresponding to
translation, rotation, and vibration are individually plotted in
time as they converge to the equilibrium temperature T* =
7500 K. The simulation was initialized with 40,000 diatomic
particles and ran for 2500 transient steps and 1000 steady-
state sampling steps.

The relaxation simulation was then repeated for equilib-
rium temperatures in the range 4000 K < T* < 10,000 K,
with reference temperature Tref = 7000 K. For each case, the
resulting equilibrium temperature per mode reached by the
simulation is compared to the analytic value in Fig. 2. The
close agreement between mode temperatures indicates that
detailed balance is maintained, as is necessary for equilibrium.
The simulated forward rate coefficient per reaction is plotted
against T* in Fig. 3, and is compared to the Arrhenius curve
of kf(T*). Likewise, Fig. 4 compares the degree of dissocia-
tion Arf for these runs against the Arrhenius fit, where Arf is
defined as follows

The simulation is repeated for several values of T0 over a
large temperature-range. The analytic curve for equilibrium
temperature 7* as well as the steady-state temperature per
energy mode is plotted against T0 in Fig. 2. Convergence of
all mode temperatures to the corresponding analytic values
demonstrates the ability of the models to promote thermal
relaxation to equilibrium.

2nA2
(40)

and is related to the equilibrium concentration coefficient as
follows

K = 2(2nA2 + nA)
1 - A,

(41)
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These plots indicate that the simulation does capture the cor-
rect equilibrium behavior of a relaxing gas as predicted by
the experimental Arrhenius correlations of reaction rates and
species concentrations over a large temperature range.

Concluding Remarks
No direct attempt was made here to model the transient of

the relaxing bath; comparisons to known behavior were only
made at equilibrium. However, the chemistry models are based
on principles of molecular interaction, independent of the
equilibrium assumption used only to evaluate reaction selec-
tion parameters.

The reaction selection rules, reviewed here, reproduce the
Arrhenius forward reaction rates and species concentrations
as correlated from experiment at equilibrium. Likewise, the
individual energy mode temperatures during simulated ther-
mal and thermochemical relaxation of nonequilibrium res-
ervoirs converged upon the correct equilibrium values, veri-
fying the models for collision/reaction mechanics. These models,
based on proportional partitioning of postreaction energies
among the contributing energy modes, conveniently account
for reaction energies in a manner consistent with the con-
straints of detailed balance and conservation of linear mo-
mentum and energy. However, essential to these routines is
the inclusion of thermal-relaxation steps, which promote ther-
mal equilibrium during reaction and are compatible with the
quantum nature of the vibrational energy mode.

Appendix: Proof of Equilibrium Convergence
The algorithm described by Eqs. (22-25) for redistributing

internal energy represents random mixing of continuous and
discrete distributions pertaining to the rotational and vibra-
tional energy modes, respectively. The objective here is to
prove that this algorithm promotes equilibrium.

The equilibrium distribution of rotational energy, for which
frot = 2, can be rewritten from Eq. (6) in the form

f*(e) = e~* de (Al)

where e = c.TOt/kT is normalized energy, and superscript *
denotes equilibrium. Quantizing this distribution with respect
to the normalized characteristic energy of vibration e = kQJ
kT results in the discrete equilibrium distribution over vibra-
tional quantum levels i

P*(I) = /*(*)

- co)
(A2)

where co = e ~ e " < l i s a convenient grouping of terms. For a
given rotational energy e we associate a quantum value / =
[e/ej, which is also distributed as in Eq. (A2), such that the
total quanta from Eq. (22) is Q = i + j. The normalized
surplus energy remaining after truncation is defined by

€ = e - je (A3)

and is distributed according to/*(e) upon renormalizing over
the quantum level j for which d£ = de

^*/>x ^ f*(e) de
f(/+l)e-

I /*(*) de
Jje

(A4)

Note that
(1 - co) ~*

is independent of rotational quantum level

Baganoff26 arrived at the outcome distributions P(i') and
P(j') in the following manner. Let /' and j' denote the out-
come quantum levels due to uniform, random division of total
quanta Q. The conditional distribution for /', given Q, is
therefore constant over the Q + 1 possible outcomes

P(i'\Q) =
1

Q + l
The joint distribution of /' and Q is then

P(r, Q) = P(i'|0P$(G
where the distribution of Q is given by

= P*(0)P*(Q) + P*(l)P*(Q -

= f P*(i)P*(Q - i)

(AS)

(A6)

(A7)

The resulting distribution over i' is found by summing Eq.
(A6) over all Q

P(i') = 2 i P*(i)P*(Q - i)P(«"lfi)
G = r i=o

y A (1 - co)2coQ
~ Q±i> » Q + 1

= (1 - co)2

= (1 - co)2co*' ) co*

(AS)

= co*'(l - co)

Comparison of Eq. (A8) to Eq. (A2) proves that the algorithm
maintains the discrete equilibrium distributions for vibration
and rotation.

The rotational energy after mixing is

e' = j'e + f (A9)

where;' = Q - i', such that de' = df over the quantum
interval /'. The conditional distribution of outcomes for e' is
simply the joint distribution of ;*' and £, given Q, found by
multiplying Eqs. (A4) and (A5)

(A10)

(Q + 1)(1 - co)
Following the same development as in (A8), we solve for the
distribution over e' by summing the joint distribution over
allg

/(*')de'= 2 Z P*(J)P*(Q - j)f(*'\Q) de'
Q=j' 7 = 0

A (1 -

Q=r

(All)

= (1 - a>)e-*e-'"*

= e~e de'

1
(1 -co)
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Equations (A8) and (All) prove that the mixing algorithm
maintains both the discrete and continuous distributions at
equilibrium.

It can be shown that Eq. (A8), when based upon none-
quilibrium distributions, leads to rate equations for the dis-
tribution functions P(i') and P(j'). Making extensive use of
generating functions, exact solutions of these rate equations
are found26 to yield exponential relaxation to discrete Boltz-
mann distributions P*(i') and P*(j'). However, the contin-
uous distribution f ( s ' ) will only reach equilibrium if both
P(j') and f€(g) equilibrate. Unfortunately, the distribution
over £ experiences no mixing in this algorithm and, therefore,
will not relax toward equilibrium unless additional rotational
relaxation steps are included.

To test the algorithm, an adiabatic reservoir was initialized
with no vibrational energy and with rotational energy uni-
formly distributed, and was then thermally relaxed via the
mixing algorithm described here. Two test-cases were run,
one which included the rotational relaxation steps, and one
which did not. The initial and final distributions for rotation
are shown in Fig. 5, along with the final distribution for vi-
bration. Note that both the discrete and the continuous dis-
tributions are of Boltzmann form for the algorithm that in-
cluded rotational relaxation. However, when rotational
relaxation was excluded, the continuous distribution within
each quantum interval did not relax, but remained uniformly
distributed. These tests prove that, for a gas out of equilib-
rium, the mixing algorithm will relax the discrete distributions
to equilibrium, but additional rotational-relaxation is needed
to achieve equilibrium for the continuous distribution.
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